Edge ideals of multi-whisker graphs
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based on a recent work jointly with M. R. Pournaki and Naoki Terai
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o We define multi-whisker graphs G as a generalization of whisker graphs.
@ We obtain that G is vertex-decomposable and hence sequentially Cohen-Macaulay.
o We analyze the structure of local cohomology of S/I(G).

@ We give formulas of the depth, the regularity and the arithmetical rank of S/I(G).
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1. Preliminaries

Let G = (V(G), E(G)) be a finite graph, where

o V(G) = {x1,...,xn} the set of vertices of G

o E(G) C {{xi,x;} C V(G) :i+# j} the set of edges of G
Fix an arbitrary field k.

Definition (R. H. Villarreal, 1990)

For a graph G,
1(G) == (xix; : {xi,x;} € E(G)) CKk[x1,...,x] =:k[V(G)]

is called the edge ideal of G.

Then there is the following correspondence:

EDGE IDEALS FINITE
(quadratic squarefree 41 ! SIMPLE
monomial ideals) GRAPHS
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Let us recall several definitions and basic properties of combinatorial commutative
algebra.

e C C V(G) is a vertex cover of G
&L ¥ixi,x} € E(G), xi € Corxj € C

e C C V(G) is a minimal vertex cover of G

def .
< C is a vertex cover and

VC’' C C, C'is not a vertex cover

vertex cover of G minimal vertex cover of G
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e A C V(G) is an independent set of G

LN Vxi,Vx; € A, {xi,x;} ¢ E(G)

@ A C V(G) is an maximal independent set of G

def . .
&5 A'is an independent set and

A C VA" C V(G), A is not an independent set

15 {5

independent set of G maximal independent set of G

Notice that .
C is a minimal vertex cover of G <= V(G)\C is a maximal independent set of G.

o G is Cohen-Macaulay < k[V(G)]/I(G) is Cohen-Macaulay

. def L
o G is well-covered <= YC,VYC’ minimal vertex covers, |C| = |C’|

March 15, 2025
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Let us recall the definition of whisker graphs which was introduced by Villarreal.

Definition (R. H. Villarreal, 1990)

Let Go be a graph on V(Go) = X = {x1,...,xn}.
Then, the graph H := Go[1,. .., 1] defined as follows:
o V(H) := Xy U Y, where Yi = {y1,...,yn}

e E(H) := E(Go) U {{xt,»1},---,{xn yn}}
H is called the whisker graph associated with Gg.

Image of whisker graphs
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2. The definition of multi-whisker graphs

We define multi-whisker graphs as follows:

Definition (M - M. R. Pournaki - N. Terai, 2025)

Let Go be a graph on the vertex set Xip = {x1,...,Xn}, Mm,..., My € Zx;
We define the multi-whisker graph G = Go[n, . .., n4] as follows:

o V(G) =XpuyUY,where Y ={yi1,...,¥1m}U---U{yn1,---,Yhn,}
o E(G):=E(Go) U {{xt,y1,i}, -, {x,¥1,m}r - s {xn Yn}, -+ s {xh, Yhny 1}

Image of multi-whisker graphs

Yan, Y11 yp_1m, .
7 < Yha

C o Yhny,

Go
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Proposition (R. H. Villarreal, 1990)

whisker graphs = Cohen—Macaulay

Proposition

Let G = Go[ni, ..., nu] be the multi-whisker graph. TFAE:

em=---=n,=1 (i.e. Gisthe whisker graph),
@ G is Cohen-Macaulay,

e G is well-covered.

Indeed,

Vni =1 =G is Cohen-Macaulay =G is well-covered = Vn; =1

whisker

multi-whisker

Go

vertex cover of G, vertex cover of G,
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3. vertex decomposablity of edge ideals of multi-whisker graphs

In commutative ring theory, the following is one of the important questions:

For a ring R, under what condition is R Cohen—Macaulay?

Recall the definition of sequentially Cohen-Macaulay.

Definition (R. P. Stanley, 1996)
Let S :=K[xi,...,xn] be a polynomial ring over a field k, M be a graded S-module.

Then, M is sequentially Cohen-Macaulay
&L 30=MyC My C--- C M, = M a filtration of M
s.t. (1) dimM;/Mi—1 < dimMj1/M; (Vi) and
(2) Mi/Mi_1 is Cohen-Macaulay (Vi)

Let G be a graph. Then,

G is sequentially Cohen-Macaulay

LN k[V(G)]/I(G) is sequentially Cohen-Macaulay
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Let A be a simplicial complex.
o linka(F):={F € A|FFUF € A and F'NF = ¢} the link of a face F € A
o dela(F):={F' € A | F'NF = ¢} the deletion of a face F € A
Let A(G) := {F | F is an independent set of G} be the independence complex of G
It is known that I(G) = Ia(c)-

Definition (A. Bjorner - M. L. Wachs, 1997)

Let A be a simplicial complex on V := {xi,...,x,}, G be a graph.
o A is vertex decomposable

L DA = ({x, ..., x}) or A= ¢,
or

(2)(a)3x € V s.t. linka({x}), dela({x}) are vertex decomposable and
(b)VF € F(dela({x})), F € F(A)

o G is vertex decomposable

PN A(G) is vertex decomposable

Fact (A. Bjorner - M. L. Wachs, 1997 and R. P. Stanley, 1996)

A is vertex decomposable = A is shellable = S/Ix is sequentially Cohen-Macauly
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Let A := ({1,2},{2,3,4},{3,4,5}).

Azlu—%‘s

3

Now A # ({1,2,3,4,5}), ¢. Also, we have
4

link(1)=5  del(1)= i‘as

3

Check that dela(1) is vertex decomposable.

4

4
link(2)= I del(2)= }“5
3

3
Since linkqei(1)(2) = ({3,4}) and delqei1)(2) = ({3, 4,5}),

A is vertex decomposable.

Stating our first main result.

Theorem (M - M.R. Pournaki - N. Terai, 2025)

Let G = Gg[ni, ..., ny] be the multi-whisker graph. Then,
G is vertex decomposable and sequentially Cohen-Macaulay.
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4. Local cohomology modules of multi-whisker graphs

We define P(H):= {F € A(H) | H— N[F] disjoint edges}

N[F] N[F]
F el F St
F € P(H) F & P(H)

Theorem (M - M. R. Pournaki - N. Terai, 2025)

Let G = Gg[m, . .., ny] be the multi-whisker graph,
H = Gy[1,...,1] be the whisker graph.

Set Ng, == Z nj + rx , where r, ;= [{k | xx € Fo}|.
j S-tyer
Then, F(Ha(K[V(G)]/1(G)), t) = Zdimk[HQ(k[V(G)]//(G))]jti
1 Nry
- FerP(H) (1_ t_l) .

Ney —|Fol=i—h
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It is known that the following theorem by Grothendieck.

Theorem (A. Grothendieck)

For a k[x1, ..., xs]-module of M,

i < depthM or dim M < i = Hi,(M) =0,

i = depth M or dim M = H, (M) # 0

From the above theorem, we obtain that

Let G = Go[nl, ..., ny] be the multi-whisker graph. Set d = ny + n + - -+ + np. Then
Hy(S/1(G)) #0 (1 <Vi<d)<= 3IF e F(A(G)) s.t. |F|=1.

Hence we have

Let G = Gg[m, ..., ny] be the multi-whisker graph. Then
depth(S//(G)) = min{|F|; F is a maximal independent set of G}.

= |V(G)| — bight(/(G))
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Definition
Let G be a graph, M = {ey,..., e} C E(G).
o M is a matching of G
LN Ve,V € M, eiNe = ¢

o M is an induced matching of G

LY Misa matching of G and

Ve € E(G)\M, e & Ui_; &

Let im(G):= max{|M|; M is an induced matching of G}
be the induced matching number of G

\

induced matching not induced matching

im(G)=3

\
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Fact (M. Katzman, 2006)

Let

G be a graph. Then,
im(G) < regS/I(G)

It is an important question as to what graphs im(G) = regS//(G) holds.

In t

he following graphs, im(G) = regS//(G) holds:

tree (X. Zheng, 2004)

chordal graph (H. T. Ha- A. Van Tuyl, 2008)

unmixed bipartite graph (A. Kummini, 2009)

sequentially Cohen-Macaulay bipartite graph (A. Van Tuyl, 2009)

very well-covered graph
(M. Mahmoudi- A. Mousivand- M. Crupi- G. Rinaldo- N. Terai- S. Yassemi, 2011)

Cameron-Walker graph (T. Hibi- A. Higashitani- K. Kimura- A. B. O' Keefe, 2015)
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Let G = Go[ny, ..., ny] the multi-whisker graph. Then,

max{|Fol; Fo is an independent set of Go} = im(G)

Indeed,

independent set of G,

Let G = Gg[m, ..., ny] be the multi-whisker graph. Then,

reg(S/1(G)) = max{|Fo|; Fo is an independent set of Gy}
= im(G)
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5. The arithmetical rank of edge ideals of multi-whisker graphs

Definition

For a monomial ideal /,
aral := min{r € N : there exist ai,...,a, € | such that \/(a1,...,a,) = VI}.

the arithmetical rank of |

A\,

Fact (K. Kimura, 2009)

For a monomial ideal /,

I has a Lyubeznik resolution of length{ =—> aral < ¢.

v

Theorem (M - M. R. Pournaki - N. Terai, 2025)

Let G = Gg[ny, ..., ny] be the multi-whisker graph. Then there exists a order such that
the Lyubeznik resolution of /(G) gives a free resolution of the length bight/(G)

Let G = Gg[n, ..., nu| be the multi-whisker graph. Then,

ara(/(G)) = bight(/(G))
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Thank you for your attention!
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